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By amplifying photonic qubits it is possible to produce states that contain enough photons to be
seen with a human eye, potentially bringing quantum effects to macroscopic scales[1]. In this paper
we theoretically study quantum states obtained by amplifying one side of an entangled photon pair
with different types of optical cloning machines for photonic qubits. We propose a detection scheme
that involves lossy threshold detectors (such as human eye) on the amplified side and conventional
photon detectors on the other side. We show that correlations obtained with such coarse-grained
measurements prove the entanglement of the initial photon pair and do not prove the entanglement
of the amplified state. We emphasize the importance of the detection loophole in Bell violation ex-
periments by giving a simple preparation technique for separable states that violate a Bell inequality
without closing this loophole. Finally we analyze the genuine entanglement of the amplified states
and its robustness to losses before, during and after amplification.
I. INTRODUCTION
The cloning of a photonic qubit is an intriguing sub-
ject, especially when the number of clones is so large that
one can see them with the naked eye. Such a macro-
scopic photonic state is worth analyzing, especially when
the initial qubit is entangled with a twin photon [1] as
illustrated in Fig. 1. This is the main purpose of this
article, though still at the theoretical level.
Naively, one could think that if one has access to a
number of clones, even of poor quality, then one could
measure the state in which these clones are and infer the
state of the initial qubit. This idea, applied to half of
an EPR entangled pair of photons, is the basis of the
faster-than-light flash telegraph proposed by Herbert in
the 1980’s [2]. The no-cloning theorem was actually mo-
tivated by the impossibility of this flash telegraph [3–5].
Today, it is known that optimal quantum cloning has a
fidelity which is precisely at the limit of the flash tele-
graph: if one could clone qubits any better than allowed
by quantum physics, then one could use this process, to-
gether with entanglement, to signal at arbitrarily high
speeds [6, 7].
The reason why one can’t extract more information
from the many clones obtained by optimal quantum
cloning than from the original qubit is that the many
clones are in a complex entangled state [8]. Indeed,
would they be in a product state, then one could measure
them individually and accumulate a lot of information
from which the initial qubit state could indeed be in-
ferred. But, actually, for any arbitrary number of clones,
if optimal, their entangled state contains precisely the
same information as the original qubit [8, 17]. Hence, a
large number of clones constitute a sort of macroscopic
”qubit”. Note however, that this macroscopic state is
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FIG. 1: A source produces 2 entangled photons. The left one
is measured using single-photon detectors (SPD). The right
hand side one is first amplified (χ) and the detection is made
by 2 ”eyes” modelled as losses and 2 threshold detectors.
not a real qubit: it lives in a Hilbert space of dimension
much larger than two (the only exception is the optimal
phase covariant cloner with precisely N output photons
with zero loss). Nevertheless, we adopt the terminology
macroscopic ”qubit” as a shorthand for the macroscopic
quantum state produced by cloning of a single-photon
qubit.
One of the fascinating aspect of a macroscopic pho-
tonic ”qubit”, is that one should be able to see it with
the naked eye. What exactly can be inferred from such a
direct observation of a ”qubit” is the central issue of this
paper. The eye is, to a good approximation, a 7-photon
threshold detector preceded by about 90% loss between
the pupil and the retina [16] (Nature doesn’t always pro-
duce perfect optics [18] !). In this article ”to see” means
to detect using two threshold detectors with postselec-
tion of the cases where one and only one detector went
above the threshold.
This article addresses four main questions. Firstly,
can one see the entanglement that exists between the
two initial photons, i.e. can one see the micro-micro
entanglement (see first line of Table 1)? By ”seeing
entanglement” we mean to infer it from the correlations
between the two subsystems, where one is observed
with lossy threshold detectors as shown in Fig. . Next,
2is there, in principle, any entanglement between the
macroscopic ”qubit” and the twin photon (line 2 of
Table 1)? Thirdly, can one see any micro-macro entan-
glement between the macroscopic ”qubit” and the twin
photon (line 3 of Table 1)? And, finally, does the seen
correlation violates a Bell inequality with post-selection
(last line of the Table)?
type of cloner universal phase covariant measure-&-prepare
can one see
micro-micro yes yes yes
entanglement
preserves yes (scales as yes no
entanglement 1 / #clones) (ideally 1 e-bit)
can one see
micro-macro no no no
entanglement
can violate
Bell with yes yes yes
post-selection
This table summarizes the main results of the paper. By seeing
we mean ”detectable with threshold detectors and selection
of the events where one and only one detector went over the
threshold”. ”Preserves entanglement” means that there is some
micro-macro entanglement between the single-photon on the left
and the amplified quantum state on the right hand side; however
this can’t be seen. For the last line, let us emphasize that Bell
violation can never be seen because of the intrinsic inefficiency of
threshold detectors. However, as indicated, the post-selected data
can violate Bell inequality thanks to the detection loophole. For
further explanation, see the main text.
But let us first consider the different kinds of cloners
and the very different ways of realizing optimal quan-
tum cloning, i.e. the columns of Table 1. Universal
cloning (first column), which clones all possible qubits
with equal fidelity, can be realized with a simple optical
amplifier, e.g. an erbium doped fiber amplifier [9]. Uni-
versal cloning necessarily comes with additional quan-
tum systems, called anti-clones; in the mentioned ex-
ample the additional systems are the erbium ions. The
clones and anti-clones (e.g. photons and ions) are en-
tangled, hence when one considers only the clones, one
expects that their entanglement with the twin photon is
reduced, as mentioned in Table 1 and quantified in sec-
tion VI. Phase covariant cloning (second column), that
best clones all qubits on a grand circle of the Poincare´
sphere, can be realized by parametric amplification, as
has been demonstrated for large numbers of clones by
the Rome group [10, 11], who did a brilliant work that
stimulated ours. If the pump of the amplifier is treated
as a classical field then it does not retain any information
on the number of photons (n) that have been transferred
into the amplified mode. The output is then a coherent
sum (superposition) of all possible outcomes with dif-
ferent n, consequently phase covariant cloning is a uni-
tary transformation; it thus preserves entanglement, see
section VI. For large numbers of clones, the optimal
fidelity of universal and of phase-covariant cloning are
2/3 and 3/4, respectively [15]. However, if the only fig-
ure of merit is the fidelity of the clones, then there is
a much simpler way of obtaining many clones: simply
measure the initial qubit in an arbitrary basis - or for
phase-covariant cloning in an arbitrary basis on the grand
circle - and produce many qubits in the state correspond-
ing to the measurement result. When averaged over the
measurement basis, one thus obtains universal or phase
covariant clones with the same fidelity as optimal quan-
tum cloning [17]. But, obviously, this measure-&-prepare
cloner (third column of the Table) is not identical to the
amplifier based cloner. Indeed, when applied to one pho-
tonic qubit entangled with a twin photon, the measure-
&-prepare cloner clearly breaks the entanglement. Inter-
estingly, this is not the case for the amplifier based clon-
ers, as already mentioned. However, we shall see that
the correlations observed with threshold detectors are al-
most identical whether one uses the measure-&-prepare
cloner or an amplification based cloner, hence it is clearly
impossible to see micro-macro entanglement.
Next, we come to the question whether one can see
micro-micro entanglement. Entanglement is a concept
defined within Hilbert space quantum physics: a quan-
tum state is entangled iff it can’t be written as a product,
but only as a sum of product states. Moreover, it is well
known that all entanglement witnesses, except Bell in-
equalities, require assumptions on the dimension of the
Hilbert space 1 . Consequently, the question Can one
see entanglement?, implicitly assumes standard quantum
physics and a given Hilbert space [19]. In practice, if one
considers the cloning machine as part of the measurement
apparatus, then one studies the correlations between the
two micro-micro photons. While, if one considers the
cloning machine as part of the source, then one studies
the correlation between the micro-macro photonic qubits.
In the first case the Hilbert space dimension is clearly
2x2; this case can thus be analyzed as usually and the
use of cloners and threshold detectors with finite effi-
ciency is similar to the case in which equally inefficient
single-photon detectors are used (important, however, is
that the efficiency has to be independent of the measure-
ment settings). Accordingly, it is possible to see micro-
micro entanglement. However, there is one big difference
between that case of single-photon detectors and that of
cloner + threshold detectors that we like to emphasize.
In the first case, the measurement setting is chosen be-
1 If observed correlations are local, in the sense that they violate
no Bell inequality, then there exist an underlying local model,
with a local variable λ, that reproduces these correlations. And
any particular local configuration λ can be implemented as a
produced state |λ〉 of a quantum system if we allow the dimension
of its Hilbert space be arbitrarily big (potentially reproducing all
the classical physics).
3fore the signal is amplified to the classical level, while in
the latter case amplification happens before the choice of
the measurement setting.
In the micro-macro case, the dimension of the relevant
Hilbert spaces is more tricky. It depends on the kind of
cloner and on the presence of losses. Generally, if there
are N photons, the state is a superposition of symmet-
ric states with n photons polarized vertically and N − n
polarized horizontally with n = 0...N , hence there are
N + 1 orthogonal states. In brief, in the micro-macro
case, the Hilbert space dimension is much larger than 2
and detecting entanglement should be much harder as we
confirm in section VI. Actually, as already mentioned, it
is impossible to detect micro-macro entanglement with
threshold detectors, i.e. it is impossible to see micro-
macro entanglement.
Nonlocality, that is the violation of a Bell inequal-
ity, is a concept that, contrary to entanglement, goes
beyond quantum physics: correlations are nonlocal iff
they can’t be reproduced by local variables. Hence,
the locality/nonlocality of seen correlations has noth-
ing to do with the quantum stuff measured, it is only
a characteristic of the classical data collected by mea-
surements. According to quantum physics, nonlocal cor-
relations can only be obtained when measuring entangled
states. Hence, the observation of nonlocal correlation is
a signature that the measured quantum state was entan-
gled, irrespective of any Hilbert dimension criteria. From
this and the conclusion of the previous paragraph one can
already conclude that it is impossible to see nonlocal cor-
relations. Moreover, since the study of nonlocality goes
beyond quantum physics, one has to be careful with finite
efficient detection: the nondetected events could open the
possibility to describe the experiment by local variables.
This is the infamous detection loophole. This loophole is
often misconsidered as esoteric, but we shall see that if
not taken into account one can easily come to wrong con-
clusions. Indeed, we shall see that if one merely ignores
nondetected events, one can violate the CHSH-Bell in-
equality even with an entanglement breaking cloner and
threshold detectors, see section V.
II. GENERAL SCENARIO
In a previous article [1] we discussed the possibility of
designing quantum experiments using one’s naked eyes
as detectors. We showed that this can be done with
a cloning machine, which amplifies the state to visible
levels before the choice of measurement basis is made.
The setup of the proposed Bell experiment is shown in
Figure (I): first, an entangled photon pair singlet state
|ψ−〉 = 1√
2
(a†b†⊥ − a†⊥b†) |0〉 is produced by parametric
down conversion, where a†, a†⊥(b
†, b†⊥) are the creation
operators for two orthogonal polarizations in the spatial
mode a (b),. One photon is measured, in any desired
basis, with standard single photon detectors, which for
simplicity we assume to have negligible noise. The other
photon is amplified (cloned) and the two desired orthog-
onal polarization components are measured with human
eyes. We consider a measurement to be conclusive if one
and only one eye sees a signal. This kind of post-selection
allows one to violate the CHSH Bell inequality using any
of the 3 types of amplification presented in the introduc-
tion. In this article we answer the following questions:
does the entanglement present in the initial state survive
the amplification process? What can one deduce from
the measurement statistics of this experiment?
III. TYPES OF CLONING MACHINES
In this section we review the 3 kinds of cloning machine
considered in this article: the Universal, Phase Covariant
and Measure and Prepare Cloning Machines. For each
one we introduce the mathematics describing the ampli-
fication of an input qubit to a large number of output
qubits.
A. The Universal Cloning Machine
A Universal Quantum Cloning Machine (UCM) is a de-
vice that clones all qubits on the Poincare´ sphere equally
well. In the case of photonic polarization qubits, such a
device can be experimentally achieved by a type-II down
conversion, seeded by the qubit (photon) to be cloned.
The clones will be produced in the “signal” mode, i.e.
the mode excited by the input photon. The photons in
the idler mode, called the anticlones, are disregarded. In
fact any phase invariant amplifier, such as an Erbium
doped fibre amplifier (EDFA), can be used as a universal
cloning machine. It is to be noted that the transforma-
tion implemented by a universal cloning machine is not
unitary, as the information carried by the anticlones is
discarded.
The interaction Hamiltonian for an optimal universal
quantum cloning machine can be written as [12]:
H = iκ(a†hc
†
v − a†vc†h) + h.c. , (1)
where a is the input mode to be cloned and c is an aux-
iliary mode that is traced out, i.e. the anti-clone mode.
This Hamiltonian has the singlet form, and is thus invari-
ant over the Poincare´ sphere (of course we can freely ro-
tate the anti-clones because they are traced out). Hence,
it is valid for any two orthogonal polarizations and we
can write a and a⊥ instead of the arbitrary horizontal
and vertical polarizations ah and av. The resulting prop-
agator, Ut = exp(g(a
†c†⊥ − ac⊥)) exp(−g(a†⊥c† − a⊥c) =
UU⊥, decomposes into a product of orthogonal polariza-
tion terms. In Appendix A we show how the “disentan-
glement theorem” (A6) can be used to express U in the
following ordered form:
U = eTga
†c
†
⊥C
−(a†a+c†⊥c⊥+1)
g e
−Tg ac⊥ , (2)
4where Tg = tanh(g) and Cg = cosh(g). The reason why
such reordering formulas exist is that the set of operators
{a†b†, a b, a†a, b†b} is closed with respect to the commu-
tator, see appendix for details. Initially the mode c⊥ is
taken to be in the vacuum state |0〉, i.e. an empty idler
mode in a down conversion experiment, or a totally in-
verted atomic population in an EDFA. The propagator
acting on the vacuum c⊥-state is
CA = U |0〉c⊥ = eTga
†c
†
⊥C−aa
†
g |0〉c⊥ . (3)
A similar expression for C⊥A can be obtained for the or-
thogonal mode a⊥. If we put the two modes together the
universal amplification is then given in the usual terms
of the generalized evolution by the superoperator $A(ρ)
acting on the input state ρ:
$A(ρ) = trc,c⊥CAC
⊥
A ρC
†
AC
⊥†
A , (4)
where trc⊥CA ρC
†
A =
∑
iC
i
A ρC
i†
A and C
i
A =
tanhi(g)√
i!
a† i cosh(g)−aa
†
. In order to find the fidelity of
this cloning process we need to find the evolution of the
photon number operator a†a→ U †a†aU .
In appendix B we show that in general it is possible to
obtain the mean values of any power of the photon num-
ber operator, together with any higher order correlation
function, from the knowledge of the mean value of the
characteristic function N(k) = tr eka
†aρ. The reordering
relations of appendix A can be used to show that the
operator eka
†a is transformed by the universal cloner to:
C†Ae
ka†aCA = e
ka†a(C2g − S2gek)−a
†a−1. (5)
The result (B5) implies that from a single photon in-
put state |1〉 a universal cloner will yield a number of
photons n1 = ∂k 〈1|C†Aeka
†aCA |1〉 |k=0 in the same po-
larization mode as this input, while the orthogonal polar-
ization mode will be populated by spontaneous emission
n0 = ∂k 〈0|C†Aeka
†aCA |0〉 |k=0, corresponding to the am-
plification of the vacuum state. Using equation (5) we
obtain the well known result n1 = 2 sinh
2(g) + 1 and
n0 = sinh
2(g). The fidelity of the cloning process is de-
fined as the ratio of the photon number in the input mode
to the total photon number after the amplification. The
optimal fidelity for large gains is then 23 . In appendix D
we show that the above treatment is also valid for uni-
versal cloners based on doped fiber amplification.
B. The Phase Covariant Cloning Machine
Phase covariant amplification is the cloning procedure
that produces equally good and optimal clones of all
states lying on a great circle of the Poincare´ sphere, e.g.
the equator. For photonic polarization qubits it can be
achieved [10, 11] in degenerate collinear parametric type-
II down conversion. Contrary to the case of universal
cloning described above, here all the photons produced
are kept in the output state. Hence, in the ideal lossless
case, the transformation is unitary.
The Hamiltonian of the process reads:
H = iχa†ha
†
v + h.c. , (6)
with χ proportional to the non-linear χ(2) susceptibility
and to the power of the pump, which is considered to
be classical. Any choice of basis {aφ, a⊥φ } with {ah =
eiφ√
2
(aφ + iaφ⊥), av = e
−iφ√
2
(aφ − iaφ⊥)} defines the same
great circle of the Poincare´ sphere that we henceforth call
the equator. One can rewrite the Hamiltonian in a form
explicitly invariant on this equator:
H =
iχ
2
(a†φ
2
+ a†φ⊥
2
) + h.c. (7)
Henceforth, we omit the φ index of the particular basis,
writing a and a† for aφ and a
†
φ, respectively. The evolu-
tion propagator, Ut = exp(−itH), decouples on the two
orthogonal polarization modes Ut = U ⊗ U⊥ where
U = e
g
2
(a†
2−a2) = e
1
2
Tga
†2
C
−a†a− 1
2
g e
− 1
2
Tga
2
(8)
with Cg = cosh(g), Tg = tanh(g) and g = tχ. To derive
the second equality we again used the disentanglement
theorem (A6). The propagator for the orthogonal mode
a⊥ has the same form. In an analogous way to the above
treatment of the universal cloner, the reordering tech-
niques of appendix A can be used to show that the op-
erator eka
†a is transformed by the amplification process
to U †eka
†aU :
U †eka
†aU = e−
k
2 e
Tg
2
(
e2k
C2g−S
2
ge
2k−1
)
a†
2
×
× (e−kC2g − ekS2g)−(a†a+ 12 ) e Tg2
(
e2k
C2g−S
2
ge
2k−1
)
a2
.
(9)
From this expression we obtain photon numbers of n1 =
3 sinh2[g] + 1 and n0 = sinh
2[g] for input states |1〉 and
|0〉 respectively. The fidelity of cloning a qubit on the
equator is then F = 34 in the limit of large gains.
We emphasize that the phase covariant cloning is in-
deed bad in the h-v basis: from the form of the hamilto-
nian (6) it is clear that the cloner puts the same number
of photons in h and v modes and the initial difference in
their populations is conserved. So the states Ut |1h〉 and
Ut |1v〉 are different by only one photon in each mode and
of course, when the total population becomes large, such
a difference is unobservable with any realistic measure-
ment precision.
C. The Measure & Prepare Cloning Machine
The operation of both the Universal and Phase Covari-
ant cloning machines relies on quantum processes. It is
5interesting to see how these cloners compare to a more
“classical” approach: one can simply measure the input
state, in an arbitrary basis, and produce a stronger out-
put according to the measurement result. An illustration
of how such a device could be implemented is shown in
figure 2.
λ/2  λ/2  PBS PBSAPD
APD
φ
FIG. 2: A possible implementation of a Measure & Prepare
Cloning Machine: the two waveplates have the same angle.
The symmetry of this cloning machine is determined
by the set of measurement bases amongst which a random
basis is chosen before each measurement. For example,
in the setup of figure 2, the use of half-wave plates would
allow for a random choice of basis in a great circle of
the Poincare´ sphere. Restricting our discussion to the
case of single-photon polarization qubits and large gains
allows one to draw an analogy between this cloner and a
phase-covariant cloner, as we show below [17].
The single-photon is measured in a basis {aφ, aφ⊥},
with randomly chosen φ. Depending on the measurement
result, this cloner will prepare an output coherent state in
one of the two polarizations: |αφ〉 or |aφ⊥〉. Accordingly,
for any input state ρ0, the output state reads:
ρ = 2
∫ 2pi
0
dφ
2π
〈1φ| ρ0 |1φ〉 |αφ〉〈αφ| , (10)
where the factor 2 is due to the fact that for each mea-
surement basis there are two possible outcomes that give
twice the same term after the integration.
To prove the optimality of this cloning procedure, con-
sider an input state |1〉 = a† |0〉 on the equator:
ρ =
∫
dφ
π
c2φ |cφαa〉 |sφαa⊥〉〈cφαa| 〈sφαa⊥| ,
where (cφ, sφ) represent cos(φ) and sin(φ) respectively.
The output photon numbers are then given by:
na = 2|α|2
∫
dφ
2π
c4φ =
3
4
|α|2, (11)
na⊥ = 2|α|2
∫
dφ
2π
c2φs
2
φ=
1
4
|α|2. (12)
It is interesting to note that the fidelity of this process is
3
4 , the same as for the optimal phase covariant cloner, in
the limit of large gains. Nevertheless, the output states
of the two different machines are very different: whilst
the phase covariant cloner performs a unitary transfor-
mation, and therefore preserves entanglement, the Mea-
sure & Prepare cloner trivially breaks the entanglement
by projecting the state on a specific basis before amplifi-
cation.
Just as the phase covariant cloner, the measure & pre-
pare cloner presented above is bad for the h-v basis. Ac-
tually it is even worse: the input states |1h〉 and |1v〉 are
both sent to the same output ρhv =
∫
dφ
2pi |αφ〉〈αφ|.
A measure & prepare cloner with the same symmetry
and fidelity as the universal cloner can be defined in a
similar way, by choosing the measurement basis amongst
the full set of points on the Poincare´ sphere. The fact
that we choose coherent states as output of the measure
& prepare cloner is only suggested by the simplicity of a
potential realization, nothing prevents one to design such
a cloner preparing states with any other photon number
distribution. For example, with thermal states it gives
a photon number distribution more similar to that of
the state produced by the universal and phase covariant
cloners.
IV. DETECTION OF A CLONED STATE
In order to evaluate what can be inferred from the
detection of an amplified state, it is important to have a
model of the available detector. In our case, we want to
know how this state would be detected by the human eye:
a lossy threshold detector, which we model as described
below.
A. Modelling Losses
The simplest model of a detector with limited efficiency
is a POVM, that is a combination of a loss mechanism
and a Von Neuman projector on a part of Hilbert space.
We describe the transmission loss by a beam splitter cou-
pling an optical mode a → a√η + e√1− η to an in-
accessible environment mode e, that is initially empty
(~ω ≫ kT for visible wavelength at room temperature).
We can express the loss channel Cη as follows:
Cη = e
γ(a†e−a e†) |0〉e = etan γ ae
†
cos(γ)a
†a |0〉e (13)
with η = cos2(γ), where we used (A6) for the second
equality. An initial one mode state ρa after a lossy trans-
mission becomes ρ′a = treCηρaC
†
η =
∑∞
i≥0C
i
ηρaC
i
η
†
with
Ciη =
tani(γ)√
i!
ai cos(γ)a
†a. Of course a polarization en-
coded qubit undergoes transmission loss in both of the
basis modes a and a⊥. If isotropic, such a loss channel
is given by the product CηC
⊥
η with the same transmis-
sion η. Its action on an input state ρ is given by the
superoperator
$L(ρ) = tre,e⊥CηC
⊥
η ρC
†
ηC
⊥†
η . (14)
6One can verify that this expression is indeed basis inde-
pendent. The isotropic loss $L and the universal ampli-
fication $A are the two simplest processes with universal
symmetry.
B. Threshold Detectors
Let us consider a usual non-photon-number resolving
detector with efficiency η. The probability of detection
of the Fock state |n〉 is given by
〈n| Pˆs |n〉 = 1− (1 − η)n. (15)
Such an operator Pˆs (the underscript s stays for ”see”)
is given by C†η IˆsCη, with Iˆs = 1 − |0〉〈0| an ideal detec-
tor - Von-Neuman projector and Cη is the loss channel
described above (it is possible to add a small universal
cloner C†APˆsCA to model the dark counts in the detec-
tor). It is natural to introduce a more general family - the
threshold detectors, analogous to the ideal single-photon
detector. An ideal threshold detector always ”sees” the
Fock states with the photon number n, if n is bigger
then the threshold θ, and never ”sees” Fock states with
smaller photon number. In a realistic situation such an
ideal detector is preceded by loss, giving the operator
Pˆ θs = C
†
η(1−
θ∑
n≥0
|n〉〈n|)Cη = 1− Pˆ θns. (16)
In appendix B we show that for any state ρ a projec-
tion on any Fock state can be recovered from the scalar
function Π(z) which, if we introduce loss and use rear-
rangement formulas of the appendix A, becomes
Π(z) = trρC†η z
a†aCη = tr ρ(η z + 1− η)a
†a. (17)
To make the formulas shorter we introduce the scalar
function πη(z) = (η z+1−η). A situation where a detec-
tor with an efficiency ηd is preceded with a transmission
channel with t = ηT is equivalent to a detector with an
effective efficiency of η = ηdηT .
C. Detecting with the Human Eye
The human eye is a surprisingly efficient detector, with
virtually no dark counts. At low light intensities rod
cells are responsible for photon detection. These cells are
densely packed on the retina (∼ 105/mm2), where thresh-
old logic is also present to provide noise reduction [21].
The human eye can then be modeled as a lossy threshold
detector (16) with “efficiency” η ≈ 7% and a threshold
θ ≈ 7) [22]. The amplified singlet pair contains enough
photons to imagine Bell type experiments with naked
human eyes. In the following section we will describe in
more detail how the eye can be combined with simple
logic to produce a “macro-qubit” analyzer.
D. The “macro-qubit” analyzer
Now we describe the full detection scheme on the am-
plified side (Fig. 3). First the photons pass through a
variable linear optical element that stands for the choice
of the measurement basis among some variants (i.e. the
setting of the measurement), then the two orthogonal po-
larization modes (a and a⊥) are separated on a PBS and
sent to a corresponding threshold detector. We distin-
guish three possible outcomes. Firstly there are the two
conclusive events (“Pa” and “Pa⊥”) when only one of the
two detectors sees. In these cases it is intuitively clear
that statistically in the mode that triggered the threshold
there were more photons than in the one that did not.
Secondly there is the inconclusive event “Pnull” that oc-
curs when both detectors see or both do not. These three
outcomes form a POVM, because they describe all the
possible events. More formally we can write the corre-
sponding operators as:
Pˆa = Pˆ
θ
s (a)Pˆ
θ
ns(a⊥)
Pˆa⊥ = Pˆ
θ
ns(a)Pˆ
θ
s (a⊥) (18)
Pˆnull = 1− Pˆa − Pˆa⊥
According to the results shown in appendix 2, from the
knowledge of the mean value 〈πη(z)a†aπη(z⊥)a†⊥a⊥〉 =
f(z, z⊥) on a given quantum state we can directly infer
the mean values of Pˆa, Pˆa⊥ and Pˆnull on the same state:
〈Pˆa〉 =
∂θz⊥
θ!
f(1, z⊥)
1− z⊥ |0 −
∂θz⊥∂
θ
z
θ!2
f(z, z⊥)
(1− z⊥)(1 − z) |0
〈Pˆa⊥〉 =
∂θz
θ!
f(z, 1)
1− z |0 −
∂θz⊥∂
θ
z
θ!2
f(z, z⊥)
(1− z⊥)(1− z) |0 (19)
〈Pˆnull〉 = 1− 〈Pˆa〉 − 〈Pˆa⊥〉
XOR
AND
NOT
AND
a
a⊥
Pa
Pa⊥
Pnull
PBS
φ
FIG. 3: Macro qubit analizer, consisting of a PBS followed
by two lossy threshold detectors and simple logic selecting
conclusive events. The measurement basis can be chosen by
applying a rotation “φ” before the PBS.
V. INFERRING MICRO-MICRO
ENTANGLEMENT
In this section we consider the cloning machine as
part of Bob’s measurement apparatus and ask ourselves
7what can be concluded from the seen quantum correla-
tion. More specifically, the question is whether one can
conclude anything about the micro-micro quantum state
produced by the source (see Fig. 1). Recall that Alice’s
measurement apparatus is conventional, while Bob’s ap-
paratus first uses one of the amplifier presented in sec-
tion III, and then the “macro-qubit” analyzer presented
above (Fig. 3) to measure the amplified state. The two
measurement apparatuses look very different. However,
on an abstract level, they are similar: both measure the
polarization state of single-photons, both accept a polar-
ization basis as measurement setting and both either pro-
duce a definite result or, with some probability, produce
no result at all. The similarity goes on further: the prob-
ability that a measurement fails to produce an outcome
is independent of the measurement setting, as proven be-
low. Consequently, if both Alice and Bob’s apparatuses
are inserted in black boxes, then, from the outside, one
can’t distinguish them. The question of micro-micro en-
tanglement between the two photons produced by the
source is thus not different in our case as it is in usual,
more common, measurement configuration, in particu-
lar in the configuration where Bob uses a measurement
apparatus similar to Alice’s one (with an efficiency that
matches that of his “measurement apparatus with human
eyes”).
Accordingly, all the usual machinery of entanglement
witnesses also apply to our configuration. In particu-
lar, one can see entanglement, that is one can conclude
that the 2-photon source produces entanglement from the
correlation observed with the naked eye, as one could
conclude using standard PBS followed by single-photon
detectors. In both cases one admits that detectors have
a finite efficiency, independent of the measurement set-
tings, and that the input state is well described as a pair
of qubits, i.e. as a quantum state in the 2 ⊗ 2 Hilbert
space.
We conclude this section emphasizing that the analy-
sis would be completely different if we would not assume
the cloning machine to be part of the measurement ap-
paratus, as then one would be looking at possible entan-
glement between Alice’s single-photon and Bob’s large
multi-photon quantum state, as discussed in the next sec-
tion. The analysis would also be deeply different if one
were looking for non-local correlations instead of mere
entanglement. Indeed, as already mentioned in the in-
troduction, entanglement is a quantum concept and can
thus be analyzed within the usual Hilbert space machin-
ery, accepting that measurement apparatuses sometimes
fail to produce results (e.g. because of inefficient de-
tectors), while the concept of nonlocal correlations goes
beyond quantum physics. Hence, for the latter, no-result
events can’t be neglected, as briefly analyzed in the end
of the section V.F.
A. Cloning as part of the detection apparatus
Instead of considering the evolution of the input state
through cloning we can see the cloning as a part of the
detection process, i.e. as acting on the measurement ap-
paratus. Of course from this perspective we completely
disregard micro-macro entanglement, however it is much
better fitted for analyzing the micro-micro entanglement
aspect. All the complicated process of amplification and
detection now acts on the small Hilbert space of the in-
put state, i.e. the state of Alice’s part of the system after
an ideal detection of Bob’s photon. This state lives in
the space composed of a qubit component and a vacuum
component, which accounts for a possible loss of Alice’s
photon. More formally the probability of a detection out-
come Dˆ after the generalized evolution
∑
iWiρW
†
i of the
input state ρ is:
tr Dˆ
∑
i
WiρW
†
i = tr ρ
∑
i
W †i DˆWi = tr ρdˆ, (20)
where dˆ =
∑
iW
†
i DˆWi|Hin is the operator acting on the
Hilbert space of the input state and which describes the
same measurement outcome as Dˆ.2 To make the restric-
tion to the input Hilbert space explicit we can introduce
twice its completeness relation |+〉〈+|+|−〉〈−|+|0〉〈0| = 1,
with |+〉 and |−〉 staying for a† |0〉 and a†⊥ |0〉 - the two
orthogonal single photon states in a certain basis. This
basis choice allows us to rewrite dˆ in its hermitian matrix
representation:
dˆ =

 d++ d+− d+0d−+ d−− d−0
d0+ d0− d00

 with dkl = 〈k| dˆ |l〉 . (21)
In the micro-micro perspective any measurement out-
come is fully described by these 9 real-value parameters,
and the POVM in (18) is given by the set of three 3 × 3
hermitian matrices {pˆa, pˆa⊥ , pˆnull} that sum to 1.
Let us illustrate how we calculate these operators: we
showed how the mean value of the operators Pˆa and Pˆa⊥
can be obtained from that of πη(z)
a†aπη(z⊥)a
†
⊥a⊥ (sec-
tion IV.D), consequently the first step is to apply the am-
plification, described by the generalized evolution terms
2 Making the unitary evolution act on the operators U†OˆU , in-
stead of states UρU†, is called the Heisenberg picture as op-
posed to the Schrodinger picture. However, when dealing with
the generalized evolution
∑
iWiρW
†
i , one should take care when
going to the Heisenberg picture, because if we naively write
∑
iW
†
i OˆWi we implicitly trace out the auxiliary modes and in
consequence such a transformation is not canonical in general.
To do the things properly one has to introduce the Langevin
noise operators in the operator transformation rules. However, if
we are not doing any algebra with the transformed operators like
in the case when the only quantity of interest is tr
∑
iWiρW
†
i
Oˆ,
it is unnecessary and we can stick with
∑
iW
†
i OˆWi
8Wi, on πη(z)
a†aπη(z⊥)a
†
⊥a⊥ :
Π˜(η, z, z⊥...) =
∑
i
Wiπη(z)
a†aπη(z⊥)a
†
⊥a⊥W †i . (22)
The three points are here because the evolution can de-
pend on various parameters such as gain and internal
losses. We then explicitly restrict the operator Π˜ on the
input Hilbert space by finding the nine scalar functions
Π˜ij = 〈i| Π˜ |j〉 with |i〉 , |j〉 belonging to the set of basis
vectors of the input Hilbert space {|+〉 , |−〉 , |0〉}. Fi-
nally, by applying one of the relations from (19) to these
functions Π˜ij , we find the nine numbers that represent
the corresponding operators of {pˆa, pˆa⊥ , pˆnull}.
The contribution to the correlation visibility that we
obtain from a measurement in the setting {a, a⊥} and
{b, b⊥} is by definition 〈(pˆa− pˆa⊥)(|1b〉〈1b| − |1b⊥〉〈1b⊥ |)〉.
After post-selection the observed visibility becomes:
Va,a⊥ =
〈(pˆa − pˆa⊥)(|1b〉〈1b| − |1b⊥〉〈1b⊥ |)〉
〈pˆa + pˆa⊥〉
. (23)
For the singlet state this mean value is:
Va,a⊥ =
(pˆa)++ + (pˆa⊥)−− − (pˆa)−− − (pˆa⊥)++
(pˆa)++ + (pˆa⊥)−− + (pˆa)−− + (pˆa⊥)++
. (24)
Above we have shown how the correlation visibility
for a particular amplification protocol can be evaluated.
Next we will derive a bound on this correlation visibility
that implies the presence of entanglement in the initial
micro-micro state. To do this, in the following section we
will introduce an entanglement witness.
B. Entanglement witness
The only entanglement witness that we will use in this
paper is the one introduced in [14]. It has the following
form:
W = |〈 ~JA · ~JB〉| − 〈NANB〉, (25)
where ~JA and ~JB denote Stokes vectors (total polariza-
tion) on parts A and B, while NA and NB are the total
number of photons for A and B. For any separable state∑
i piρi ⊗ σi we can bound |〈 ~JA · ~JB〉|:
|〈 ~JA · ~JB〉| ≤
∑
i
pi|〈 ~J〉ρi · 〈 ~J〉σi | =
=
∑
i
pi|〈Jz〉ρ′i〈Jz〉σ′i | ≤ 〈NANB〉,
where the ’ sign on the states ρi and σi means that we
choose the basis where only the z component of 〈 ~J〉ρ′i is
nonzero. Hence, for all separable states one has W ≤ 0
and the positivity of W witnesses the presence of entan-
glement.
C. On entanglement in C2 ⊗C2
In the beginning of this section we showed how the
expectation value of the correlation visibility can be ob-
tained for each type of amplification. Here our perspec-
tive will be completely different: we are given a corre-
lation visibility (that is experimentally measured) and
have to decide whether it proves or not the presence of
entanglement in the input state. Within this perspective
the presence of entanglement is ensured by the value of
the correlation visibility only if this value is impossible
to obtain for a separable input state with any detection
scheme. Let us first introduce the general detection, as
usual its representation in a basis {a, a⊥} is given by the
following POVM:
P+ = η |1〉〈1|+ 1
2
ξ1 P− = η |1⊥〉〈1⊥|+ 1
2
ξ1
Pnull = (1 − η − ξ)1 with η + ξ < 1, (26)
which describes a detector with the efficiency η and noise
rate ξ. The total probability of a conclusive result is
then a multiple of identity P+ + P− = (η + ξ)1 and
P+ − P− = η(|1〉〈1| − |1⊥〉〈1⊥|). The correllation visi-
bility contribution after the post-selection (23) is given
by
η
η + ξ
〈(|1〉〈1| − |1⊥〉〈1⊥|)a(|1〉〈1| − |1⊥〉〈1⊥|)b〉. (27)
The total visibility V = Va,a⊥ + Va′,a′⊥ + Va′′,a′′⊥ , which
is the sum of the contributions of the three orthogonal
bases on the Pointcare´ sphere, is equal to:
|V | = η
η + ξ
|〈~σa · ~σb〉|, (28)
where ~σ is a vector of Pauli matrices (σx, σy , σz). The
value of |V | is maximal for ξ = 0. Using the entanglement
witness (25), which for two entangled photons a and b
reads W = |〈~σa · ~σb〉| − 1, we find that for a separable
state:
|Va,a⊥ + Va′,a′⊥ + Va′′,a′′⊥ | ≤ 1. (29)
The last inequality gives a bound above which the ob-
served visibility proves that the input state is entangled.
We can rewrite this bound in terms of the contribution
to the visibility Va,a⊥ from one setting {a, a⊥}. For the
the universal cloner all three orthogonal settings give the
same contribution because of its symmetry and (29) be-
comes
|Va,a⊥ | ≤ 1/3. (30)
For cloning machines with equatorial symmetry there are
two settings on the equator that give an equally good con-
tribution to the visibility Va,a⊥ (24), and the h-v contri-
bution that is identically zero for the measure & prepare
cloner and negligible for the phase covariant cloner (see
discussion at the end of the corresponding sections). So
for these two cloning machines the bound (29) reads
|Va,a⊥ | ≤ 1/2. (31)
9D. Universal Cloner
The evolution for the universal amplification is known
to decouple for the two orthogonal polarizations modes.
For one of the polarization modes CAπη(z)
a†aC†A is
πη(z)
a†a(C2g−S2gπη(z))−a
†a−1, and the function Π˜(η, g) is
a product of two such terms for both polarization modes.
The restriction to the input Hilbert space gives:
Π˜(η, g)++ = πη(z)(C
2
g − S2gπη(z))−2(C2g − S2gπη(z⊥))−1,
Π˜(η, g)−− = (C2g − S2gπη(z))−1πη(z⊥)(C2g − S2gπη(z⊥))−2,
Π˜(η, g)00 = (C
2
g − S2gπη(z))−1(C2g − S2gπη(z⊥))−1.
(32)
All the non-diagonal terms are 0. The different func-
tions Π˜ij , together with one of the three relations (19),
allow the direct calculation of the corresponding detec-
tion probability, which can be used to find the visibility
(24).
FIG. 4: Correlation visibility Va,a⊥ (24) and the probability
of a conclusive detection for the universal cloner as a function
of the mean photon number 〈NA〉 on the amplified side. The
horizontal line is the bound 1/3 (31).
E. Phase Covariant Cloner
The situation is similar for the Phase Covariant
Cloner. The evolution is decoupled for the two polar-
ization modes, the generating function is transformed
to U †πη(z)a
†aU , that is the complicated expression (9),
where we replace ek → πη(z). But when we make the
restriction we obtain a simpler form that is similar to
(32):
Π˜(η, g)++ =
πη(z)
(C2g − S2gπη(z)2)−
3
2 (C2g − S2gπη(z⊥)2)−
1
2
,
Π˜(η, g)−− =
πη(z⊥)
(C2g − S2gπη(z)2)−
1
2 (C2g − S2gπη(z⊥)2)−
3
2
,
Π˜(η, g)00 = (C
2
g − S2gπη(z)2)−
1
2 (C2g − S2gπη(z⊥)2)−
1
2 .
(33)
The values of the visibility for different gains are given
in the Fig. 5.
FIG. 5: Correlation visibility Va,a⊥ (24) and the probability
of a conclusive detection for the phase covariant cloner as a
function of the mean photon number 〈NA〉 on the amplified
side. The horizontal line is the bound 1/2 (30).
F. Measure & Prepare
The evolution of the input state ρ0 through the mea-
sure & prepare amplifier is given in (10), making it act
on πη(z)
a†aπη(z⊥)a
†
⊥a⊥ gives:∫
dφ
π
|1φ〉〈1φ| 〈αcφ|πη(z)a
†a |αcφ〉 〈αsφ|πη(z⊥)a
†
⊥a⊥ |αsφ〉 ,
(34)
that is :
Π˜(ηα) =
∫
dφ
π
e−|αη|
2(1−zc2φ−z⊥s2φ) |1φ〉〈1φ| .
To make the restriction to the initial Hilbert space we
simply rewrite |1φ〉〈1φ| in the basis {|1〉 , |1⊥〉}:
Π˜(ηα)|Hi =
∫
dφ
π

 c
2
φ cφsφ 0
cφsφ s
2
φ 0
0 0 0

 e−|αη|2(1−zc2φ−z⊥s2φ).
(35)
The integration kills the off diagonal elements while the
diagonal can be expressed with the modified Bessel func-
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tion I0(z) =
∫
dφ
2pi e
−zcφ as:
Π˜(ηα)++ = 2
e−|ηα|
2
|ηα|2 ∂z(e
|ηα|2 z+z⊥
2 I0(|ηα|2 z − z⊥
2
)),
Π˜(ηα)−− = 2
e−|ηα|
2
|ηα|2 ∂z⊥((e
|ηα|2 z+z⊥
2 I0(|ηα|2 z − z⊥
2
)).
(36)
FIG. 6: Correlation visibility Va,a⊥ (24) and the probability
of a conclusive detection as a function of the mean photon
number 〈NA〉 on the amplified side for the measure & prepare
cloner. The horizontal line is the bound 1/2 (30). The curves
in this figure are sharper with respect to the two previous
cases because the photon number distribution for a coherent
state (Poissonian) is narrower than the distributions of states
produced by the phase covariant and the universal cloners
(Super-poissonian).
G. What does the correlation visibility tell us?
In Fig. 4-6 we plotted the observed correlation visibility
Va,a⊥ , the probability of a conclusive event P (which tells
us the amount of post-selection) and the bound above
which the visibility proves the entanglement of the ini-
tial photon pair. We see that with each of the three
different amplification types we achieve visibilities that
are higher than this bound, consequently one can “see”
micro-micro entanglement with any of the cloning ma-
chines described. Surprisingly the highest observed visi-
bility is that seen with the measure & prepare cloner, and
we know that its output is not entangled with Bob’s pho-
ton (the entanglement is broken by the projective mea-
surement done by the cloner). This illustrates the fact
that the measurement of correlation visibility does not
prove the micro-macro entanglement, indeed the separa-
ble state prepared by the measure & prepare cloner shows
that such a naive analysis doesn’t apply.
We can also analyze the observed correlation visibility
from the perspective of Bell inequalities. The famous
CHSH inequality introduced in [23] gives a bound on the
observed visibility:
|V CHSHa,a⊥ | >
1√
2
≈ 0.7, (37)
below which the correlations can not be reproduced by
any local model. As shown in Fig. 6, the correlation vis-
ibility observed for the measure & prepare cloner can be
higher then the CHSH bound. A priori this seems to be a
paradox, however it is well known that the post-selection
opens the detection loophole, in particular in the analysis
of Clauser et al. [23] no measurement result can be disre-
garded. Again the importance of the detection loophole
is fully revealed by this example. Remark that without
post-selection the observed correlation visibility is given
by PVa,a⊥ , which never exceeds the CHSH bound 1/
√
2
for all of the presented cloning machines.
To finish we note that these results can be general-
ized for other types of threshold detectors, such as the
orthogonality filter introduced in [11].
VI. MICRO-MACRO ENTANGLEMENT
In this section we ask ourselves whether the different
cloning machines presented in section III preserve entan-
glement, that is whether after amplification of Alice’s
photon, Bob’s single-photon is entangled with Alice’s
many photons. Here we consider this as a question of
principle, hence we do not consider which measurement
could reveal the entanglement.
To apply the criteria (25) to the present case we choose
a basis for the vectors, let it be the poles of the Bloch
sphere - h-v component denoted “z” and two compo-
nents on the equator denoted “x” and “y”. Each of
the components JAi J
B
i = Jiσi in this basis has the
form (a†iai − a†i⊥ai⊥)(b†i bi − b†i⊥bi⊥). For this purpose
we place ourselves in the Heisenberg representation and
apply the evolution on these operators while the state re-
mains |ψ−〉. The b photon operators are not affected by
the evolution, all that can happen is that we lose Bob’s
photon, but as we use it to trigger the experiment these
cases are excluded (for the same reason NB = 1). Thus
we know the value of b†b at all times and can make the
average on Bob’s side so that:
〈ψ−| J tiσti |ψ−〉 = 〈1i| (a†iai)t − (a†i⊥ai⊥)t |1i〉 , (38)
where |1i〉 = a†i |0〉. Remark that a transmission loss after
the amplification has a simple effect W → ηW with η -
the transmission efficiency.
A. Phase Covariant Cloner
In the ideal case the phase covariant amplification
leads to a unitary evolution, in which case the initial
entanglement is trivially preserved. However if there are
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some losses anywhere the unitarity is broken. Here we
treat the case where losses occur during cloning. For
the phase covariant amplification we know that Jxσx =
Jyσy and because the evolution of a and a⊥ decouples
〈Jyσy〉 = 〈1y| (a†yay)t |1y〉 − 〈0| (a†yay)t |0〉 while the to-
tal photon number expressed in an equatorial basis is
N = 〈1y| (a†yay)t |1y〉+ 〈0| (a†yay)t |0〉 implying that:
W = 〈1y| (a†yay)t |1y〉 − 3 〈0| (a†yay)t |0〉+ 〈Jzσz〉. (39)
The operator (a†iai)t obeys the damped Heisenberg equa-
tion:
d
dt
(a†iai)t = i[H, (a
†
iai)t]− λ(a†iai)t − fˆ , (40)
where the damping is a result of a weak interaction with
a collection of empty environmental modes (such as ab-
sorption and geometrical scattering), fˆ is the Langevin-
noise fluctuation induced by the statistics of these modes.
We take 〈fˆ〉 = 0 which corresponds to the environment
in the vacuum state before the interaction. In the equa-
torial modes the evolution is diagonal for the quadrature
operators x = 1√
2
(a†y + ay) and p =
i√
2
(a†y − ay). With
(a†yay)t =
1
2 (x
2
t + p
2
t − 1) and H = χ2 (xp+ px) the equa-
tions of motion for the squares of the quadratures are:{
d
dt
〈x2t 〉 = (2χ− λ)〈x2t 〉+ 12λ,
d
dt
〈p2t 〉 = (−2χ− λ)〈p2t 〉+ 12λ,
which is straightforward to solve but yields a long expres-
sion. In the polar modes “z” the commutator [H, a†hah−
a†vav] = 0 and the only thing that acts on this oper-
ator is damping, thus 〈Jzσz〉 = e−λt. After rescaling
(λt, χt)→ (λ, χ) we obtain:
W = 1+e−λ− 2λ
(2χ)2 − λ2 (e
−λ(2χS2χ+λC2χ)−λ), (41)
with S2χ = sinh 2χ and C2χ = cosh 2χ. While the num-
ber of photons is:
N = 2e−λC2χ +
2λ(e−λ(2χS2χ + λC2χ)− λ)
(2χ)2 − λ2 . (42)
In Fig. 7 we plot the parametric curves for W = 1 and
W = 0 as functions of the total photon number and the
amplification/damping ratio that describes the quality of
the amplification. Below the top curve we are sure to find
some persistent entanglement in the system.
B. Universal Cloner
For the universal cloner all the three components of
〈 ~J · ~σ〉 are the same, and with the photon number be-
ing N = 〈1| (a†a)t |1〉 + 〈0| (a†a)t |0〉 the violation be-
comes W = 2 〈1| (a†a)t |1〉 − 4 〈0| (a†a)t |0〉 for an arbi-
trary mode, let it be the mode ah. The damped Heisen-
FIG. 7: Number of photons in the amplified state for which
the violation is 0 and 1 as a function of the ratio λ
χ
for the
phase covariant cloner.
berg equation (40) for the Hamiltonian (1) gives the com-
plete set of differential equations:

∂t〈a†hah〉 = χ
(
〈a†hc†v〉+ 〈ahcv〉 ) - λ 〈a†hah〉,
∂t〈c†vcv〉 = χ
(
〈a†hc†v〉+ 〈ahcv〉 ) - λ 〈c†vcv〉,
∂t〈a†hc†v〉 = χ
(
〈a†hah〉+ 〈c†vcv〉+ 1 ) - λ 〈a†hc†v〉,
∂t〈ahcv〉 = χ
(
〈a†hah〉+ 〈c†vcv〉+ 1 ) - λ 〈ahcv〉.
The above system can be diagonalized and solved by
standard linear algebra methods yielding (for 〈c†vcv〉0 =
0):
W = 2G(χ, λ)− 2Q(χ, λ), (43)
N = G(χ, λ) + 2Q(χ, λ), (44)
with G(χ, λ) = 12e
−λ(Cosh(2χ) + 1) and Q(χ, λ) =
1
4
(
2χ
2χ−λ
(
e2χ−λ − 1)+ 2χ2χ+λ (e−2χ−λ − 1)). In the
Fig. 8 we plot the curves W = 1 and W = 0 in the
plain defined by the number of photons and the quality
of the amplification.
FIG. 8: Number of photons in the amplified state for which
the violation is 0 and 1 as a function of the ratio λ
χ
for the
universal cloner.
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C. Loss Before The Amplification
The entanglement witness W is very fragile in the case
where the singlet state is subject to loss of the photon a
in the amplified spatial mode (the presence of the other
photon b is ensured by the heralding). The input state
in this case is:
ρ = p |ψ−〉〈ψ−|+ 1− p
2
(b† |0〉〈0| b+ b†⊥ |0〉〈0| b⊥). (45)
The value of W is then the sum of the two contributions
for the components p ρe = p |ψ−〉〈ψ−| and (1 − p)ρs =
1−p
2 (b
† |0〉〈0| b + b†⊥ |0〉〈0| b⊥). The first one gives the vi-
olation for the ideal lossless case for both the univer-
sal cloner and the phase covariant cloner p〈W 〉ρe = 2p.
The second term however becomes negative very fast be-
cause 〈 ~Ji〉 is 0 for the amplified vacuum (1 − p)〈W 〉ρs =
−(1 − p)〈N〉ρs = −2(1 − p)n0, where n0 is the number
of photons for the amplified vacuum. Consequently W is
positive iff:
n0 ≤ p
1− p . (46)
In order to prove the entanglement with this witness we
must impose a condition on p which becomes more and
more restrictive when the number of photons in the am-
plified state grows. The general situation is however dif-
ferent for the universal and the phase covariant ampli-
fiers. For the universal cloner we can indeed show that
$A(ρ) becomes separable for n0 =
p
1−p . While under the
assumption of unitarity , the phase covariant cloner pre-
serves the entanglement for any p 6= 0 and n0, this is the
simple consequence of the fact that the two states ρe and
ρs live in independent sectors of the Hilbert space and
consequently the state ρ is always entangled (for exam-
ple one can use the PPT criterion [24], p ρTAe will always
have negative eigenvalues that would also be eigenval-
ues of ρTA) and a unitary evolution will only modify the
eigenvectors but not the eigenvalues, note that this sim-
ple image doesn’t work when we add loss after the am-
plification.
VII. CONCLUSION
In conclusion, if one clones one photon from an entan-
gled pair of photons, then one can see quantum correla-
tions with the naked eye. However, the observed corre-
lation allow one to conclude only about entanglement of
the initial 2-photon pair: one can see only micro-micro
entanglement. Nevertheless, cloning with amplifiers - in
contrast to measure & prepare cloners - does preserve
some entanglement; hence there is some micro-macro en-
tanglement, though the detection of micro-macro entan-
glement requires more sophisticated detection schemes
than mere naked eyes.
In this article we also emphasized the danger of elim-
inating inclusive data. In entanglement studies this is
an acceptable procedure, as one works within standard
Hilbert space quantum physics and can thus trust one’s
detectors and theory thereof. For the study of nonlocal-
ity, however, eliminating inconclusive results can easily
lead to wrong conclusion. This illustrates on a practical
example the importance of the detection loophole.
Several questions are left open. For example, one could
consider cloning both photons of the initial pair. An-
other natural question concerns the micro-macro entan-
glement: how much entanglement is there? Can one de-
tect it experimentally with realistic detectors? We leave
these fascinating questions for future work. Likewise,
the experimental realizations of the analyzed situations,
using the various cloners, are underway and will be dis-
cussed in future works.
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Appendix A: Spin groups
Let us remind the following algebraic relation, which
is very useful in the context of continuous groups
eBAe−B =
∑
n≥0
1
n!
[B,A](n) (A1)
where by [B,A](n) we mean the nested commutator
[B, . . . [B,A] . . . ] with B appearing n times. The equal-
ity can be easily proven by repeatedly differentiating (ex-
panding in its Taylor series) the expression eλBAe−λB
and putting λ = 1 at the end. Trivially
eBf(A)e−B = f(
∑
n≥0
1
n!
[B,A](n)) (A2)
for any analytical function f . Now, following [20] we
introduce a set of operators σ+, σ−, σz with spin commu-
tators
[σ+, σ−] = σz [σz , σ±] = ±2σ±
In the following we will consider hamiltonians that are
time-dependent linear combinations of these operators.
Applying (2) we derive some formulas useful for rear-
ranging propagators.
ekσzf(σ±) = f(e±2kσ±)ekσz , (A3)
ekσ±f(σz) = f(σz ∓ 2kσ±)ekσ± , (A4)
ekσ∓f(σ±) = f(σ± ∓ kσz − k2σ∓)ekσ∓ . (A5)
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Adding some structure we can identify two different sets
{σ+, σ−, σz}± according to σ†+ = ±σ−. In both cases we
construct unitary operators of the form
U+ = e
λ(σ+−σ−) U− = eλ(σ++σ−).
We rewrite these expressions as:
U+ = e
tanλσ+e− ln(cosλ)σze− tanλσ− ,
U− = etanhλσ+e− ln(coshλ)σzetanhλσ− . (A6)
This can be shown as follows. Suppose U± =
efλσ+egλσzehλσ− derivate both sides by λ, then pull all
the pre-exponential factors on the left using (3)-(5) and
multiply by U †± from the right. We obtain
σ+±σ− = f ′σ++g′(σz−2fσ+)+h′e−2gλ(σ−+fσz−f2σ+),
that yields a system of differential equations, solved to
(6),(7). In a similar way one can prove
eλσ±eµσ∓ = e
µσ∓
1+µλ e± ln(1+µλ)σze
λσ±
1+µλ , (A7)
eλσz+µσ± = eµ
e±2λ−1
±2λ σ±eλσz . (A8)
The difference between the two sets appears clearly, the
propagator U+ is compact while U− is non-compact that
will correspond to very different physical situations. Now
we give some example of particular realizations of these
systems
σ+ σ− σz
a b† a†b b†b− a†a
1
2a
†2 − 12a2 a†a+ 12
a†b† −a b 1 + a†a+ b†b
The first case is the Schwinger representation of the spin
group, that describes the interaction of modes a and b
on a beam splitter and belongs to the compact U+ class.
The second and the third cases are in the U− class and
correspond to the spontaneous emission driven by a clas-
sical pump laser.
Appendix B: Projectors in Fock space
Given a quantum state ρ =
∑
ρnm |n〉〈m| with the
mode a expressed in the Fock space components, we in-
troduce the operators Πˆ(z) = za
†a and Nˆ(k) = eka
†a
with resulting characteristic functions
Π(z) = tr ρ za
†a, (B1)
N(k) = tr ρ eka
†a, (B2)
that are related via N(k) = Π(ek). The first function is
useful to derive projections of the state on Fock compo-
nents, that can describe the perfect detection process
1
n!
∂nzΠ(z)|z=0 = ρnn, (B3)
1
n!
∂nz
Π(z)
1− z |z=0 =
n∑
k≥0
ρkk, (B4)
that are projections of the the state on |n〉〈n| and∑n
k |k〉〈k| respectively. The second function N(k) gives
mean values of powers of the number of particles operator
∂nkN(k)|k=0 = tr ρ (a†a)n. (B5)
It also can be used used to express higher order correla-
tion functions through eka
†a =: e(e
k−1)a†a :. Given one of
these scalar functions one can extract all the information
about the diagonal terms of the density matrix.
Appendix C: Array of single-photon detectors
Consider an array of N ideal single-photon detectors,
if N is a power of two this may be realized with some
50% beam splitters as shown in Figure 1. However this
restriction is not necessary, all we need is all detectors to
be the same. Now one may define a ”see” event by all
events when at least θ detectors click. The other ”not
see” case happens when only less than θ detectors click
is given by the operator
Pˆ θns =
θ∑
j≥0
Pˆj , (C1)
where Pˆj stands for an event where exactly j detectors
click and it is equal to
Pˆj = C
N
j (1− |0〉〈0|)⊗j ⊗ |0〉〈0|⊗(N−j) , (C2)
where CNj corresponds to the number of ways of picking
j detectors out of N . Expand the last expression
Pˆj =
j∑
k≥0
CjkC
N
j (−1)j−k |0〉〈0|⊗N−k .
The projector |0〉〈0|⊗N−k describes the event when N−k
detectors don’t get any photons thus all the a†a photons
go into k other detectors, the probability of such an event
is ( k
N
)a
†a. If now we take the limit N → ∞ and apply
FIG. 9: An array of detectors N = n2, realized with n beam
splitters.
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the Stirling approximation to N !(N−j)! , (C2) becomes
Pˆj = lim
N→∞
j∑
k≥0
(−1)j−kka†a
j!(j − k)! N
j−a†a. (C3)
This expression is obviously zero for a†a > j, while in
the other case we will show in appendix that
j∑
k≥0
(−1)j−kka†a
j!(j − k)! = δ
j
a†a
| a†a ≤ j, (C4)
yielding limN→∞ Pˆj = δ
j
a†a
that implies in the limit N
goes to infinity
Pˆ θns =
θ∑
j≥0
δj
a†a
=
θ∑
j≥0
|j〉〈j| , (C5)
to account for a finite efficiency of detectors we add a loss
as in previous section.
Appendix D: Universal cloning with doped fibers
Suppose a dipole (two level system) oriented along a
certain direction and coupled resonantly to an optical
mode aβ , with the polarization being the projection of
the dipole orientation on the plane defined by the k-
vector. The atom is in the excited state |e〉, as usual
one introduce the transition operators σ+ = |e〉〈g| and
σ− = |g〉〈e|. The interaction hamiltonian in the rotat-
ing wave approximation is Hi = κi(a
†
βσ− − aβσ+) with
the propagator being Uβ = exp(−iHit), because we are
dealing with a two level system with σ2− = σ
2
+ = 0 and
(a†βσ− − aβσ+)2n = (−1)n((a†a)n |g〉〈g|+ (aa†)n |e〉〈e|),
(a†βσ− − aβσ+)2n+1 = (−1)n((a†a)na†σ+ − (aa†)naσ−),
the exponential can be expanded and resummed yielding
Uβ = cos(κt
√
a†βaβ) |g〉〈g|+ cos(κt
√
aβa
†
β) |e〉〈e|+
+
sin(κt
√
a†βaβ)√
a†βaβ
a†βσ− −
sin(κt
√
aβa
†
β)√
aβa
†
β
aβσ+.
The interaction of a single atom with a propagating opti-
cal mode can be reasonable considered small to the first
order, in which case the evolution becomes
Uβ = (1− δg 1
2
a†βaβ) |g〉〈g|+ (1 − δg
1
2
aβa
†
β) |e〉〈e|+
+
√
δga†βσ− −
√
δgaβσ+,
with δg - the small interaction parameter. If in the neigh-
borhood of the dipole ”β” there is a dipole oriented in
an orthogonal way ” β⊥” that couples to the orthogonal
polarization, we should add the term Uβ⊥ to the evolu-
tion operator. Finally after tracing over the atoms in the
exited states the optical state becomes
ρ(g + δg) = trβ,β⊥UβUβ⊥ρ(g)⊗ |e〉〈e| ⊗ |e〉〈e|U †βU †β⊥ ,
in the limit δg → 0 that defines a differential equation
ρ˙ = −1
2
(aa†ρ+ ρaa† − 2a†ρa+
+a⊥a
†
⊥ρ+ ρa⊥a
†
⊥ − 2a†⊥ρa⊥).
Because this expression is invariant we did not write β,
we recovered the universal symmetry. One can easily
check that the solution has the form $A(ρ0) defined in
(3).
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